Abstract. Let G be a subgroup of the group Homeo(X) of homeomorphisms of a topological space X.
Introduction
In algebraic topology one of the basic ways of classifying spaces is by using the notion of homotopy groups π n (X, x) of a space X at x ∈ X. When n = 1 it is the fundamental group of X at the point x.
The orbit space is an important tool in the qualitative study of dynamical systems and is a concept of interest in itself. Indeed, this space is an extremely useful way to construct interesting topological spaces. Therefore, an important problem is to compute the fundamental group of the orbit space.
Let X be a topological space and Homeo(X) its group of homeomorphisms. Let G be a subgroup of Homeo(X). The family of orbits G(x) = {g(x) : g ∈ G} by G determines an open equivalence relation on X. The class of an orbit O is the union of all orbits O having the same closure as O. We define on X a new equivalence relation G by: x Gy if G(x) = G(y). This new equivalence relation is open, since for each open subset U of X, the saturated sets of U , by G and by G, are equal.
We denote by X/G the orbit space, X/ G the orbit class space, q : X → X/G and p : X → X/ G the canonical projections. The orbit class space is introduced and studied in [9, 14] .
There is an extensive literature on the fundamental groups of quotient spaces (one can see for example [1] [2] [3] [4] [5] 7, [15] [16] [17] [18] ). The majority of these papers suppose that the fibers of the quotient map are connected [4, 5, 17] or the initial space is a simplicial complex [1, 7] . Note that, in the case of an orbit space X/G, the fibers of the quotient map (the orbits) are not in general connected. And so, it is interesting to extend these results for orbit space X/G where X is a general topological space. In [2] , Armstrong showed the following theorem: Theorem 1.1. Let G be a discontinuous 1 group of homeomorphisms of a path connected, simply connected, locally compact metric space X, and let H be the normal subgroup of G generated by those elements which have fixed points. Then the fundamental group of the orbit space X/G is isomorphic to the factor group G/H.
In [3] , Armstrong computed the fundamental group of the orbit space of a subgroup G which satisfies three conditions. Let G be the closure of G in Homeo(X) and N the smallest normal subgroup of G which contains the path component of the identity of G and all those elements of G which have fixed points.
A. The projection X → X/G has the path lifting property up to homotopy.
B. Given points
C. The group G/N acts discontinuously on X/N .
1 A group G of homeomorphisms of a topological space X will be called discontinuous if 1. the stabilizer of each point of X is finite, and 2. each point x ∈ X has a neighborhood U such that any element of G not in the stabilizer of x maps U outside itself (i.e. if gx = x, then U ∩ gU is empty)
.
Armstrong showed that if the condition B is satisfied then X/G and X/G have the same homotopy type. In particular if G is a group of isometries of X.
In this paper first, we show that an equicontinuous group of homeomorphisms satisfies also the condition B. Second, we prove that X/G and X/ G have always the same homotopy type. Finally, we show that if X is connected and locally compact and G is an equicontinuous group with a relatively compact orbit then X/G = X/ G.
The main result of [3] is the following theorem:
If X is simply connected and if conditions A, B and C are satisfied, then π 1 (X/G) is isomorphic to G/N .
Equicontinuous group action
In [10] , El Kacimi et al. studied some qualitative properties of an equicontinuous group of homeomorphisms of a metric space. They showed the following theorem:
Theorem 2.1.
[10] Let G be an equicontinuous group of homeomorphisms of a metric space X. We have the following properties:
1. Every orbit O is minimal (O is a minimal set).
2. If every orbit is closed, then the orbit space X/G is Hausdorff.
3. The orbit class space X/ G is always Hausdorff.
4. If X is compact, the closure G of G in Homeo(X) is a compact subgroup of homeomorphisms of X, and for all x ∈ X, we have G(x) = G(x).
We start by showing the following theorem:
Theorem 2.2. Let G be an equicontinuous group of homeomorphisms of a connected locally compact metric space X. If G has a relatively compact orbit, then the closure G of G in Homeo(X) is a compact subgroup of homeomorphisms of X, and for all x ∈ X, we have G(x) = G(x).
To prove Theorem 2.2 we need the following lemma:
Lemma 2.3.
[12] Let G be an equicontinuous group of homeomorphisms of a connected locally compact metric space X. If G has a relatively compact orbit, then every orbit is relatively compact.
Proof. of Theorem 2.2. Since G is equicontinuous and, according to Lemma 2.3, the closure of each orbit is compact, by applying Ascoli Theorem [8] the closure G of G is a compact subgroup of homeomorphisms de X. We show now that, for all x ∈ X, we have G(x) = G(x). Let y be in G(x), then there exists g ∈ G such that g(x) = y. Since there exists a sequence (g n ) of element of G which converges to g, (g n (x)) converges to g(x) = y and so y ∈ G(x).
Conversely, if y ∈ G(x), then there exists a sequence (g n ) of G such that (g n (x)) converges to y. Since G is compact, there exists a subsequence (g np ) of G which converges to h ∈ G thus (g np (x)) converges to h(x) which implies that y = h(x) ∈ G(x).
By applying Theorem 2.2, we obtain the following corollary:
Corollary 2.4. Let G be an equicontinuous group of homeomorphisms of a connected locally compact metric space X. If G has a relatively compact orbit, then the orbit class space X/ G of G coincides with the orbit space X/G of G.
Fundamental group of orbit spaces
Recall that a continuous map f : X → Y between two topological spaces is called a quasi-homeomorphism if the map which assigns to each open set V ⊂ Y the open set f −1 (V ) is a bijective map [6] . According to [14] , we have the following lemma: Lemma 3.1. The map ϕ : X/G → X/ G which associates to each orbit its class is a surjective quasi-homeomorphism. Lemma 3.2. Let f : X → Y be a quasi-homeomorphism. For every x, y ∈ X, we have the following implication:
Proof. If f (x) = f (y), then {f (x)} = {f (y)}. Since f is a closed map, then f ({x}) = f ({y}). Using the fact that every locally closed subset of X is f -saturated, we obtain {x} = f −1 (f ({x})) = f −1 (f ({y})) = {y} and so {x} = {y}. If moreover X is a T 0 -space, then x = y and so f is an injective map. The fact that f is continuous and open, implies that f is an embedding.
Recall that, two spaces X and Y are homotopy equivalent, or of the same homotopy type, if there exist continuous maps f : X → Y and g : Y → X such that g • f is homotopic to the identity map id X and f • g is homotopic to id Y . Lemma 3.3. [13] If f : X → Y is a surjective quasi-homeomorphism, then f is a homotopy equivalence.
We can now prove the following theorem:
Theorem 3.4. The orbit space and the orbit class space are homotopy equivalent.
Proof. By applying Lemmas 3.3 and 3.1, we obtain Theorem 3.4.
Recall that a continuous map f : X → Y between topological spaces is said to be a weak homotopy equivalence if it induces isomorphisms in all homotopy groups. Homotopy equivalences are weak homotopy equivalences, and the Whitehead Theorem [11, Theorem 4.5] claims that any weak homotopy equivalence between CW-complexes is a homotopy equivalence. However, in general, these two concepts differ. And so all homotopy groups the orbit space and the orbit class space are isomorphic. Proof. Let U be an open invariant set containing x. If Gx ⊂ Gy then Gy ∩ U = ∅; and so Gy ∩ U = ∅ which implies that y ∈ U .
Conversely, if x is not in Gy then x is in X − Gy, which is an open invariant subset and so y ∈ X − Gy which is impossible.
Proof. Proposition 3.6. By applying [3, Proposition 1] , it suffices to check condition B for an equicontinuous group. Let V be a neighborhood of x in X. If x ∈ Gx, then x ∈ Gx. By the minimality of each orbit we obtain Gx = Gx and so x ∈ Gx . Since x ∈ GV ,by applying Lemma 3.7, we have x ∈ GV .
